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LIJDeriuations.tt
= commutative e-algebra (vital)

A derivation of A is a E- linear map
2 : A→ A sit . slabs - A2W-1QA)b

V-a.be A. Exercise : Ale) = 0 Der
,
(A) = Der

, (A)A)

More generally , B commutative ring , A a B-algebra, Man A-bimodule

we have Derg(A ,M) = { I c- them, LA1M) I ta ,beA ,
Hab) = a 2161+846 }

DereCA) E End,cCA ) A - Endo, (A)
a 1-7 Ma :b→ ab

Endicott EndedA)
U

Ping JE Endo, (A) is a derivation ⇐ 2161=0 and Tae AU sa- as c- A

Proof
⇐ Leibniz ⇒ 2 a- at = 2cal Leibniz

let be A Ha-a 161=2 lab) - aHb) I stab

(⇒ ) za- at = Jia)tA

(E) Let Ja - at -_ a c- A

Ka- a2)G) = cc )=c
11

Ha) - O .

'

.
2cal = 2A- a2 ,

t Dera (ETXJ )
= EGO . £,

why ? 2 ✓

⇐ Let 2 c- Dere (043) .

Then 2- 264£ .

4)G)44=204 .
" 2 and 21k¥ agree on Q & x.

Leibniz de- linear ⇒ they agree on 643 .
likewise

,

Dere (654. . . ,xn3) = ¥
,

044. ,xnJ¥
,

EY AE CM) Der,p(A) = *CM)



A still a commutative e-algebra L . . . )

(II)Differeutialoperaton.BA#The ring DLA) of (
6- linear) differential operators on A is the

subalgebra of Ehd¢CA) generated by A and Detect) .

D- ED1A) has order (E) P if ② is a sum of products of Ep derivations
.

d2
eg : get 1

= (1)' it has order 2 .

Doff D. (A) := A

DPCA) { At Endicott I ②a- at EDFKA) fatA }
[ differential operators of order Ep .

DLA) = UD4A) since DP4A) ? DPCA)

het QED
' (A)

.

Then 0 = 60--0-9) +00)
.

'

.
D
'

(A) = Der,dA) ⑦ A
4 A

Derg(A) A

DP1A) D4A) EDP
"

(A)

They (Grothendieck) Def I = Def2 # X = Spec# is wonsiugular
and if Def D=Def2 , ¥hgkEm→ = A bimodal

DLA) = TACDer.cl#
⑦④f

'
- f'④ D- = [Q, -0'S← as element of End,cCA)
-

only for 0,0'EDerdAI ? ?
eg : A- 6TH

Dere (A) = 048¥ = W (wilt algebra)
DCA) = Cd42=£ (Weyl algebra)

2×-42=1

Def 2 is the correct definition . Deft D 's E Def 2D's . The question is whether

one gets them all this way . eg: DL0A-4TT) { Deft#BF2 .



Factoring ② C- DP1A) D-
'
ED4A) then foot- O

'
. ② ED"" (A)

-

'

. D
' (A) is a LA

, as is Dere (A) .

From now on : all varieties are non-singular : Spec A always uonsnhgular

Question
"

X.Y affine varieties . If DCXIEDCY) , is XEY ?

spect
"

srecB False if X is allowed to be singular .

(eg : aispidal rational curves )

(E) DlA)→PoissonalgebT

We saw that [DPCA) ,D4A)] EDP
"-' (A)

Check : if 8,8
'
E DereCA) , so is Soft- G'of = :[8,83

[8,83 lab) = 884ab) - 88lab)
= s( stab + as'C6)) - s' ( slasbtaslbs)
= 884A> besix tfiahsb) + asskb)
- f' Sla) b -8¥63 -846) - a8816)

= Is, La) b + a [G8'Rb)
.

Def grDCA) = # DPCAYDP-' (A)

Pry gr DCA) is 4)
a commutative ring and (2) a Poisson algebra

Proof let it ED4A) , p ED4A)

(1) Xp , fit c- DH4A) but xp - pit EDP
""

so xp +DP
"-' (A) = pit + DP

"- ' CA) (& xp well-defined ) .

-
=: gr Lite )

(2) { grit , grp } = gr fit, p] = [it , + DP
" -' (A)

Poisson bracket bk [
,
] is a lie bracket

,
. . .

EG

in fact
, gr DCA) = gr ( t¥¥I¥I⇒) I =sym*lDerdAD

Them !

let X= spec A ,
Der,fA) = teeth) = QLT*X]

polynomial functions



(E) Weylalgebras_ A = ① Gas . . . ,xn]

FactsaboutD ← Yi = - Ji

→ (A) = Ql×v→XniY"'→Y nth Weyl algebra
× 's commute

y's
commute

xiyj-yj.si
= Sij

gr DLA) = 454, . . . ,Kn , Yi, . In] {xi
,yj I

= 8ij { Xi , 754=141, yj1=0
TX7A"

he won comm . algebra
DCA) is simple , gr DCA) is Poisson simple . ( simples me not fields !)
Prof
Let I be a right ideal of DLA) . Then J=grCI) is an ideal of grDCA) ,

and it's involution : 2J, J } a- J
( co isotope) night,deal

!

Proof let Q
, yet .

Then 0-1- no EI . so

lgrt.gr#grlLQMDeJThy.CGab6er) f- := If I 3-ns.t . f- " EJ } is also a •isotope .

ay (Bernstein
's inequality) dim (VLJ) a- En) 7 n

[ravishing hocus

cog DL6W) has no finite-dimensional modules
.

=
P1 let V be a D-module with dinner =D .

D acts on ✓ ⇒ 7 X.YE Matd×d (G) set
. Xy -y × - I ⇒ trlxy-YX) =D

if ⇒⇐ .

#

Example let A = EE4Y] with { × , y } =L .

Let J= today, y
' > with f- = 4,97

.

there J is a • isotope, but 5J is not
.

Presumably Jtgr CI) for any right ideal I of DCA) ?


